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HECKE-CLIFFORD ALGEBRAS AND SPIN HECKE
ALGEBRAS III: THE TRIGONOMETRIC TYPE
TA KHONGSAP
Abstract. The notion of trigonometric spin double affine Hecke alge-
bras (tsDaHa) and trigonometric double affine Hecke-Clifford algebras
(tDaHCa) associated to classical Weyl groups are introduced. The PBW
basis property is established. An algebra isomorphism relating tDaHCa
to tsDaHa is obtained.
1. Introduction
1.1. For an irreducible finite Weyl group W associated to a root system
R, there are corresponding affine Weyl group W a and extended affine Weyl
group W e attached with an affine root system R˜. There is an interest-
ing family of algebras attached to W a or W e, namely the trigonometric
double affine Hecke algebra (tDAHA), H¨t,c, where t, c are certain param-
eters. The tDAHA is not only a degeneration of the double affine Hecke
algebra (DAHA), but also an extension of the degenerate affine Hecke alge-
bra (AHA) as defined by Lusztig in [Lu]. The tDAHA was introduced and
studied by Cherednik with application to harmonic analysis and Macdonald
polynomials, see [Ch1, Ch2]. Furthermore, when one specializes t = 0, the
algebra H¨t=0,c has a large center, in particular, H¨t=0,c is a finite module over
its center, and it has interesting connections with algebraic geometry (see
[Ob]).
In 1911, I. Schur developed a theory of spin (projective) representations
of the symmetric group Sn. We note that studying the spin representations
of Sn is equivalent to study the representations of the spin symmetric group
algebra CS−n . For the symmetric group Sn, there is a standard procedure to
construct the associated Hecke algebras. Wang [W] has raised the question
of whether or not a notion of Hecke algebras associated to the spin symmet-
ric group algebra CS−n exists, and has provided a natural construction of the
trigonometric DAHA associated to the algebra CS−n , denoted by H¨
−
tr. More-
over, in [W, KW1, KW2], we have developed a theory of spin Hecke algebras
of (degenerate) affine and rational double affine type (also cf. [Naz]).
1.2. This paper is a sequel to [W, KW1, KW2]. The main goal here is to
construct two classes of algebras which are closely related to the tDAHA
associated to each classical finite Weyl group W called the trigonometric
1
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double affine Hecke-Clifford algebra (tDaHCa), H¨cW , and the trigonomet-
ric spin double affine Hecke algebra (tsDaHa), H¨−W . We establish a few
basic properties of the algebras H¨cW and H¨
−
W , including their PBW basis
properties. In addition, we prove that for type A case, the algebra H¨cW
(respectively, H¨−W ) is isomorphic to H¨
c
tr (respectively, to H¨
−
tr) introduced in
[W] in a very different presentation.
1.3. In Section 2, we recall the definition of an extended affine Weyl group
W e for each classical type, and then formulate the corresponding spin ex-
tended affine Weyl group algebra CW e−. We first start with a finite Weyl
group W , and then consider a double cover W˜ of W associated to a distin-
guished 2-cocycle as in [KW1, Mo]:
1 −→ Z2 −→ W˜ −→W −→ 1.
We then define a covering of the extended affine Weyl group W˜ e of W e.
As a result, we obtain the spin extended affine Weyl group algebra CW e−
which is defined to be a certain quotient algebra of CW˜ e.
In Section 3, recalling that the Weyl group W acts as automorphisms
on the Clifford algebra Cn, we then extend to an action of W
e on Cn. We
establish a (super)algebra isomorphism
Φ : Cn ⋊CW
e ≃−→ Cn ⊗ CW e−
which is an extended affine analogue to the isomorphism Φ : Cn ⋊CW
≃−→
Cn⊗CW− in [KW1] which goes back to Sergeev [Ser] and Yamaguchi [Yam]
for type A.
In Section 4 we introduce the tDaHCa H¨cW . We establish the PBW basis
properties for the algebras H¨cW :
H¨cW
∼= C[h∗]⊗ Cn ⊗ CW e
where C[h∗] denotes the polynomial algebra.
In Section 5, we introduce the tsDaHa H¨−W . The tsDaHa are not only
the counterpart of the algebras H¨cW , but also the generalizations of the
(degenerate) spin affine Hecke algebras associated to the spin group algebras
CW− in [W, KW1]. Denote by C[h∗] a noncommutative skew-polynomial
algebra, we establish the PBW basis properties for H¨−W :
H¨−W ∼= C[h∗]⊗ CW e−.
In addition, we establish a (super)algebra isomorphism:
Φ : H¨cW
≃−→ Cn ⊗ H¨−W
which extends the isomorphism Φ : Cn ⋊CW
e ≃−→ Cn ⊗ CW e−.
THE CLASSICAL TRIGONOMETRIC SPIN DAHA 3
1.4. The constructions of our algebras are canonical, but we have to do
it case-by-case since the algebras in a way rely on a choice of orthonormal
basis of h. However, we hope that the detailed presentations on extended
affine Weyl groups could be helpful to the reader.
Acknowledgements. I am thankful for the Semester Dissertation Fel-
lowship which allowed me to concentrate on my research during the semester
of Spring 2008. I am deeply grateful to my advisor W. Wang for many useful
suggestions during this project.
2. (Spin) extended affine Weyl Groups
2.1. The Weyl group W . Let W be an (irreducible) finite Weyl group of
classical type with the following presentation:
〈s1, . . . , sn|(sisj)mij = 1, mii = 1, mij = mji ∈ Z≥2, for i 6= j〉. (2.1)
The integers mij are specified by the Coxeter-Dynkin diagrams whose ver-
tices correspond to the generators ofW below. By convention, we only mark
the edge connecting i, j with mij ≥ 4. We have mij = 3 for i 6= j connected
by an unmarked edge, and mij = 2 if i, j are not connected by an edge.
An ◦ ◦ . . . ◦ ◦
1 2 n− 1 n
Bn(n ≥ 2) ◦ ◦ . . . ◦ ◦
1 2 n− 1 n
4
Dn(n ≥ 4) ◦ ◦ · · · ◦ ◦
 
  
◦
❅
❅❅◦
1 2 n− 3
n− 2
n− 1
n
Denote by WAn−1 (respectively, WBn and WDn) the finite Weyl group of
type An−1 (respectively, Bn and Dn). Then the group WDn is generated by
s1, . . . , sn, subject to the following relations:
s2i = 1 (i ≤ n− 1) (2.2)
sisi+1si = si+1sisi+1 (i ≤ n− 2) (2.3)
sisj = sjsi (|i− j| > 1, i, j 6= n) (2.4)
sisn = snsi (i 6= n− 2) (2.5)
sn−2snsn−2 = snsn−2sn, s2n = 1. (2.6)
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Recall Sn = WAn−1 is generated by s1, . . . , sn−1 subject to the relations
(2.2–2.4) above.
The groupWBn is generated by s1, . . . , sn, subject to the defining relation
for Sn on s1, . . . , sn−1 and the following additional relations:
sisn = snsi (1 ≤ i ≤ n− 2) (2.7)
(sn−1sn)4 = 1, s2n = 1. (2.8)
2.2. The extended affine Weyl group W e. In this subsection, we recall
the definitions of the extended affine Weyl groups of classical type. For a
more detailed expository, consult [Kir]. Define the set O∗W by
O∗W =

{1}, if W =WAn−1 or W =WBn
{n}, if W =WD2k+1
{1, n}, if W =WD2k .
The extended affine Weyl group W e is the group generated by si’s and
pi±1r for r ∈ O∗W . The generators si’s obey the relations in (2.1) and the
defining relations involving pir are shown below:
if W =WAn−1 , then
pi21sn−1 = s1pi
2
1 ,
pin1 si = sipi
n
1 (1 ≤ i ≤ n− 1), (2.9)
pi1si = si+1pi1 (1 ≤ i ≤ n− 2);
if W =WBn , then
pi21 = 1,
pi1si = sipi1 (2 ≤ i ≤ n), (2.10)
pi1s1pi1s1 = s1pi1s1pi1;
if W =WDn and n is odd, we have
pi4n = 1,
pi2nsn−1 = snpi
2
n, (2.11)
pinsi = sn−ipin (1 ≤ i ≤ n− 2),
pinsn = s1pin;
if W =WDn and n is even, we have
pi21 = 1, pi
2
n = 1,
pi1pin = pinpi1, pi1s1pi1 = pinsnpin,
pi1si = sipi1, pinsi = sn−ipin (2 ≤ i ≤ n− 2), (2.12)
pi1sn−1 = snpi1, pins1 = sn−1pin.
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Remark 2.1. We may define
s0 :=

pi1sn−1pi−11 , for W =WAn−1
pi1s1pi
−1
1 , for W =WBn or W =WD2k
pinsn−1pi−1n , for W =WD2k+1 .
Then the elements si’s for i ≥ 0 generate the affine Weyl group W a.
2.3. A covering of an extended affine Weyl group. We note here that
the Schur multipliers for finite Weyl groups W (and actually for all finite
Coxeter groups) have been computed by Ihara and Yokonuma [IY] (also cf.
[Kar]). The explicit generators and relations for the corresponding covering
groups of W can be found in Karpilovsky [Kar, Table 7.1].
In particular, there is a distinguished double covering W˜ of W :
1 −→ Z2 −→ W˜ −→W −→ 1.
We denote by Z2 = {1, z}, and by t˜i a fixed preimage of the generators si of
W for each i. The group W˜ is generated by z, t˜i’s with relations
z2 = 1, (t˜it˜j)
mij =
{
1, if mij = 1, 3
z, if mij = 2, 4.
(2.13)
Let W be WAn−1 , WBn or WDn . We define a covering of the extended
affine Weyl group W e, denoted by W˜ e, to be the group generated by z, t˜i’s,
and p˜i±1r (r ∈ O∗W ) such that z is central, z, t˜i’s satisfy (2.13), and the
following additional relation:
if W =WAn−1 , set
p˜i21 t˜n−1 = t˜1pi
2
1,
p˜in1 t˜i = t˜ip˜i
n
1 , (2.14)
p˜i1t˜i = z
n−1t˜i+1p˜i1 (1 ≤ i ≤ n− 2);
if W =WBn , set
p˜i21 = 1,
p˜i1t˜i = zt˜ip˜i1 (2 ≤ i ≤ n), (2.15)
p˜it˜1p˜i1t˜1 = zt˜1p˜i1t˜1p˜i1;
if W =WDn and n is odd, set
p˜i4n = z,
p˜i2nt˜n−1 = t˜np˜i
2
n, (2.16)
p˜int˜i = z
n−1
2 t˜n−ip˜in (1 ≤ i ≤ n− 2),
p˜int˜n = z
n−1
2 t˜1p˜in;
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if W =WDn and n is even, set
p˜i21 = 1, p˜i
2
n = z
n
2
+1,
p˜i1p˜in = zp˜inp˜i1, p˜i1t˜1p˜i1 = zp˜int˜np˜in,
p˜i1t˜i = t˜ip˜i1, p˜int˜i = z
n
2 t˜n−ip˜in (2 ≤ i ≤ n− 2), (2.17)
p˜i1t˜n−1 = t˜np˜i1, p˜int˜1 = z
n
2 t˜n−1p˜in.
The quotient algebra CW e− := CW˜ e/〈z + 1〉 of CW˜ e by the ideal gen-
erated by z + 1 will be called the spin extended affine Weyl group algebra
associated to W . Denote by ti (respectively, by t
±1
πr ) element in CW
e− the
image of t˜i (respectively, p˜i
±1
r ). The spin extended affine Weyl group al-
gebra CW e− has the following uniform presentation: CW e− is the algebra
generated by ti’s, and t
±1
πr for r ∈ O∗W subject to the relations
(titj)
mij = (−1)mij+1 ≡
{
1, if mij = 1, 3
−1, if mij = 2, 4
(2.18)
with the following additional relations depending on W , i.e, if W =WAn−1 ,
t2π1tn−1 = t1t
2
π1 ,
tnπ1ti = tit
n
π1 (1 ≤ i ≤ n− 1), (2.19)
tπ1ti = (−1)n−1ti+1tπ1 (1 ≤ i ≤ n− 2);
if W =WBn ,
t2π1 = 1,
tπ1ti = −titπ1 (2 ≤ i ≤ n), (2.20)
tπ1t1tπ1t1 = −t1tπ1t1tπ1 ;
if W =WDn and n is odd,
t4πn = −1,
t2πntn−1 = tnt
2
πn , (2.21)
tπnti = (−1)
n−1
2 titπn (1 ≤ i ≤ n− 2),
tπntn = (−1)
n−1
2 t1tπn ;
If W =WDn and n is even,
t2π1 = 1, t
2
πn = (−1)
n
2
+1,
tπ1tπn = −tπntπ1 tπ1t1tπ1 = −tπntntπn ,
tπ1ti = titπ1 (2 ≤ i ≤ n− 2), (2.22)
tπnti = (−1)
n
2 tn−itπn (2 ≤ i ≤ n− 2),
tπ1tn−1 = tntπ1 , tπnt1 = (−1)
n
2 tn−1tπn .
The algebra CW e− has a superalgebra (i.e. Z2-graded) structure by let-
ting each ti be odd and tπr be either even or odd depending onW (motivated
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by Theorem 3.3 below) as follows: |tπr | ∈ Z2, the homogenous degree of tπr ,
is set to be
|tπ1 | =
{
0, if W =WA2k or WD2k
1, if W =WA2k+1 or WBn .
(2.23)
|tπn | =
{
k (mod 2), if WDn =WD2k
k (mod 2), if WDn =WD2k+1 .
(2.24)
3. The Clifford algebra
In this section, we recall the definition of the Clifford algebra Cn. We show
that the groupW e acts as automorphisms on Cn which leads to Theorem 3.3
below.
3.1. The Clifford algebra Cn. Denote by h
∗ = Cn the standard (respec-
tively, reflection) representation of the Weyl group W of type An−1 (respec-
tively, of type Bn or Dn). Let {αi} be the set of simple roots for W . Note
that h∗ carries a W -invariant nondegenerate bilinear form (−,−) such that
(αi, αj) = −2 cos(pi/mij). It gives rise to an identification h∗ ∼= h and also a
bilinear form on h which will be again denoted by (−,−).
Denote by Cn the Clifford algebra associated to (h
∗, (−,−)). We shall
denote by {ci} the generators in Cn corresponding to a standard orthonormal
basis {ei} of Cn and denote by {βi} the elements of Cn corresponding to the
simple roots {αi} normalized with
β2i = 1.
More explicitly, Cn is generated by c1, . . . , cn subject to the relations
c2i = 1, cicj = −cjci (i 6= j). (3.1)
For type An−1, we have βi = 1√2(ci − ci+1), 1 ≤ i ≤ n− 1. For type Bn, we
have an additional βn = cn, and for type Dn, βn =
1√
2
(cn−1 + cn).
The action of W on h and h∗ preserves the bilinear form (−,−) and thus
it acts as automorphisms of the algebra Cn. This gives rise to a semi-direct
product Cn ⋊ CW . Moreover, the algebra Cn ⋊ CW naturally inherits the
superalgebra structure by letting elements inW be even and each ci be odd.
3.2. An action on Cn. We introduce the following elements in W . They
will be used throughout the paper. Let σA1 ∈WAn−1 be the cyclic permuta-
tion (12 . . . n), σD1 , σ
D
n ∈WDn , and σB1 ∈WBn be such that
σD1 · ei =
{
−ei, if i = 1, n
ei, if i 6= 1, n.
σDn · ei =
{
−en+1−i, if i 6= n
(−1)n−1e1, if i = n.
σB1 · ei =
{
−e1, if i = 1
ei, if i 6= 1.
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Remark 3.1. We write σr, instead of σ
X
r where X ∈ {A,B,D} when the
context is clear.
Proposition 3.2. The extended affine Weyl group W e acts on Cn by the
following formulas: w · c = cw and pir · c = cσr where c ∈ Cn, w ∈ W and
r ∈ O∗W .
Proof. We know that W naturally acts on Cn. Suppose W = WAn−1 , then
we have the followings: for c ∈ Cn,
pi21sn−1 · c = pi21 · csn−1 = cσ
2
1
sn−1 = cs1σ
2
1 = s1pi
2
1 · c.
For 1 ≤ i ≤ n− 1,
pin1 si · c = pin1 · csi = cσ
n
1 si = cs1σ
n
1 = sipi
n
1 · c.
For 1 ≤ i ≤ n− 2,
pi1si · c = pi1 · csi = cσ1si = csi+1σ1 = si+1pi1 · c.
Therefore, W e acts on Cn. For W =WBn or W =WDn , the computation is
similar to type An−1 case, and can be verified easily. 
Proposition 3.2 gives rise to a semi-direct product Cn ⋊CW
e. Moreover,
the algebra Cn⋊CW
e naturally inherits the superalgebra structure by letting
elements in W e be even and each ci be odd.
3.3. A superalgebra isomorphism. Given two superalgebras A and B,
we view the tensor product of superalgebras A ⊗ B as a superalgebra with
multiplication defined by
(a⊗ b)(a′ ⊗ b′) = (−1)|b||a′|(aa′ ⊗ bb′) (a, a′ ∈ A, b, b′ ∈ B) (3.2)
where |b| denotes the Z2-degree of b, etc. Also, we shall use short-hand
notation ab for (a⊗ b) ∈ A ⊗ B, a = a⊗ 1, and b = 1⊗ b.
Theorem 3.3. Let W = WAn−1 ,WBn , or WDn and υi =
1√
2
(ci + cn+1−i)
for 1 ≤ i ≤ n. We have an isomorphism of superalgebras:
Φ : Cn ⋊CW
e ≃−→ Cn ⊗ CW e−
which extends the identity map on Cn, sends si 7→ −
√−1βiti, and
pi1 7→

β1 · · · βn−1tπ1 , for type An−1
−√−1c1tπ1 , for type Bn√−1c1cntπ1 , for type D2k,
pin 7→
{
υ1 · · · υn
2
tπn , for type Dn = D2k
c1υ1 · · · υn−1
2
cn+1
2
tπn , for type Dn = D2k+1.
The inverse map Ψ is the extension of the identity map on CW which sends
ti 7→
√−1βisi and
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tπ1 7→

βn−1 · · · β1pi1, for type An−1√−1c1pi1, for type Bn
−√−1cnc1pi1, for type Dn = D2k,
tπn 7→
{
υn
2
· · · υ1pin, for type Dn = D2k
cn+1
2
υn−1
2
· · · υ1c1pin, for type Dn = D2k+1.
Proof. By [KW1, Theorem 2.4], the map Φ (respectively, Ψ) preserves the
relations not involving pir (respectively, tπr) for r ∈ O∗W . Below, we show
that Φ (respectively, Ψ) preserves the relations involving pir (respectively,
tπr).
If W =WBn , we see that Φ preserves (2.10) as follows: for 2 ≤ i ≤ n,
Φ(pi21) = −c1tπ1c1tπ1 = t2π1 = Φ(1).
Φ(pi1s1pi1s1) = c1tπ1β1t1c1tπ1β1t1 = c1β1c1β1tπ1t1tπ1t1
= −β1c1β1c1t1tπ1t1tπ1 = Φ(s1pi1s1pi1).
Φ(pi1si) = −c1tπ1βiti = −βic1tπ1ti
= −βitic1tπ1 = Φ(sipi1).
The map Ψ preserves (2.20) as follows: for 2 ≤ i ≤ n,
Ψ(t2π1) = −c1pi1c1pi1 = pi21 = Φ(1).
Ψ(tπ1t1tπ1t1) = c1pi1β1s1c1pi1β1s1
= c1(c1 + c2)pi1s1c1(c1 + c2)pi1s1 = Ψ(−t1tπ1t1tπ1).
Ψ(tπ1ti) = −c1pi1βisi = βic1pi1si = βisic1pi1
= Φ(−titπ1).
Therefore, Φ and Ψ are (super)algebra homomorphisms for W = WBn .
We see that Ψ is an inverse map of Φ on the generators. Hence, Φ and
Ψ are inverse algebra isomorphisms. For W = WAn−1 and W = WDn , the
computation is similar, but lengthly, and hence will be skipped. 
4. The Trigonometric Double Affine Hecke-Clifford algebra
In this section, we introduce the trigonometric double affine Hecke-Clifford
algebras, H¨cW , and then establish their PBW properties. For W = WAn−1 ,
we show that H¨cW is isomorphic to H¨
c
tr defined in [W].
4.1. The algebras H¨cW of type An−1. Recall σ
A
1 ∈WAn−1 the cyclic per-
mutation (12 . . . n).
Definition 4.1. Let u ∈ C, and W = WAn−1 . The trigonometric dou-
ble affine Hecke-Clifford algebra, denoted by H¨cW or H¨
c
An−1
, is the algebra
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generated by pi±11 , s1, . . . , sn−1, xi, ci, (1 ≤ i ≤ n), subject to the relations
(2.2–2.4), (3.1), and the following additional relations:
xixj = xjxi (∀i, j) (4.1)
xici = −cixi, xicj = cjxi (i 6= j) (4.2)
σci = cσiσ (1 ≤ i ≤ n, σ ∈ Sn) (4.3)
xi+1si − sixi = u(1− ci+1ci) (4.4)
xjsi = sixj (j 6= i, i+ 1) (4.5)
pi21sn−1 = s1pi
2
1 (4.6)
pi1si = si+1pi1 (1 ≤ i ≤ n− 2) (4.7)
pin1 si = sipi
n
1 (1 ≤ i ≤ n− 1) (4.8)
pi1xi = x
σA
1
i pi1, pi1ci = c
σA
1
i pi1. (4.9)
Remark 4.2. Without pi±11 , we arrive at the defining relations of the degen-
erate affine Hecke-Clifford algebra HcAn−1 (see [Naz]).
4.2. PBW basis for H¨cAn−1. Let us introduce the ringC[P ] = C[P
±1
1 , . . . , P
±1
n ].
The group W = Sn acts on the ring by the formula
Pwi = Pw(i) ∀w ∈ Sn.
Also recall the triangular decomposition of HcW in [KW1, Th. 3.4], namely
HcW
∼= C[h∗]⊗ Cn ⊗ CW . We set
E := Ind
HcW
W C[P ]
∼= C[h∗]⊗ Cn ⊗ C[P ].
Hence we obtain the representation Φaff : HcW → End(E) where xi and ci
act by left multiplication. Together with [KW1, Prop. 3.3], we have the
followings: for f ∈ C[h∗], c ∈ Cn, and g ∈ C[P ], the generator si ∈ HcW for
1 ≤ i ≤ n− 1 acts by
si · (fcg) = f sicsigsi +
(
u
f − f si
xi+1 − xi + u
cici+1f − f sicici+1
xi+1 + xi
)
cg. (4.10)
Lemma 4.3. Let σ1 := σ
A
1 . The representation Φ
aff : HcAn−1 → End(E)
extends to the representation Φ : H¨cAn−1 → End(E) by letting pi1 · (fcg) =
P1f
σ1cσ1gσ1 where f ∈ C[h∗], c ∈ Cn, g ∈ C[P ].
Proof. We need to check that the relations in H¨cW are preserved under the
map Φ. It is enough to check the relations involving only pi1. Suppose
f ∈ C[h∗], c ∈ Cn, g ∈ C[P ], then the map preserves the relation (4.6) as
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follows:
pi21sn−1 · (fcg) = pi21 · (f sn−1csn−1gsn−1)
+pi21
(
u
f − f sn−1
xn − xn−1 + u
cn−1cnf − f sn−1cn−1cn
xn + xn−1
)
cg
= P1P2
(
f s1σ
2
1cs1σ
2
1gs1σ
2
1
)
+P1P2
(
u
fσ
2
1 − f s1σ21
x2 − x1 + u
c1c2f
σ21 − f s1σ21c1c2
x2 + x1
)
cσ
2
1gσ
2
1
= s1pi
2
1 · (fcg).
The map preserves the relation (4.7) as follows: for 1 ≤ i ≤ n− 2,
pi1si · (fcg) = pi1 ·
(
f sicsigsi +
(
u
f − f si
xi+1 − xi + u
cici+1f − f sicici+1
xi+1 + xi
)
cg
)
= P1 (f
σ1sicσ1sigσ1si)
+P1
(
u
fσ1 − fσ1si
xi+2 − xi+1 + u
ci+1ci+2f
σ1 − fσ1sici+1ci+2
xi+2 + xi+1
)
cσ1gσ1
= si+1pi1 · (fcg).
The map preserves the relation (4.8) as follows: for 1 ≤ i ≤ n− 1,
pin1 si · (fcg) = pin1 ·
(
f sicsigsi +
(
u
f − f si
xi+1 − xi + u
cici+1f − f sicici+1
xi+1 + xi
)
cg
)
= P1P2 . . . Pn (f
sicsigsi)
+P1P2 . . . Pn
(
u
f − f si
xi+1 − xi + u
cici+1f − f sicici+1
xi+1 + xi
)
cg
= sipi
n
1 · (fcg).
The relation (4.9) are can be easily checked. 
Lemma 4.4. Let W = WAn−1 and σ1 := σ
A
1 . The extended affine Weyl
groupW e acts faithfully on the algebra C[h∗]⊗C[P ] where si for 1 ≤ i ≤ n−1
acts naturally and diagonally, while pi1 acts as σ1 ⊗ P1σ1.
Proof. The group W acts diagonally on C[h∗] ⊗ C[P ]. As operators on
C[h∗] ⊗ C[P ], we have pi1si ≡ si+1pi1 for 1 ≤ i ≤ n − 2, pin1 si ≡ sipin1 for
1 ≤ i ≤ n− 1 and pi21sn−1 ≡ s1pi21. Then W e acts on C[h∗]⊗C[P ].
Suppose w˜ = pik1sil . . . si1 is a reduced expression with 0 ≤ ij ≤ n − 1
where s0 = pi1sn−1pi−11 , and w˜ acts trivially on C[h
∗]⊗C[P ]. Then w˜ ·1 = 1.
This implies that w˜ ∈ W . Since W acts faithfully on C[h∗] ⊗ C[P ] this
implies that w˜ = 1. 
Below we give a proof of the PBW basis theorem for H¨cW using in effect
the extension of the representation HcW → End(E) to the representation
H¨cW → End(E). The argument here will be adapted in the proof of Theorem
4.13.
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Theorem 4.5. Let W = WAn−1. The set {xαcβw|α ∈ Zn+, β ∈ Zn2 , w ∈
W e} forms a C-linear basis for the H¨cW . Equivalently, the multiplication of
subalgebras C[h∗],Cn, and CW e induces a vector space isomorphism
C[h∗]⊗ Cn ⊗ CW e ≃−→ H¨cW .
Proof. We show that the elements xαcβw viewed as operators on C[h∗] ⊗
Cn ⊗C[P ] are linearly independent.
For α = (a1, . . . , an), ν = (b1, . . . , bn), we denote |α| = a1 + · · · + an and
|ν| = b1 + · · · + bn. Define a Lexicographic ordering < on the monomials
xαP ν , α ∈ Zn≥0, ν ∈ Zn, by declaring xαP ν < xα
′
P ν
′
, if |α|+ |ν| < |α′|+ |ν ′|,
or if |α| + |ν| = |α′|+ |ν ′| then there exists an 1 ≤ i ≤ 2n such that zi < z′i
and zj = z
′
j for each j < i, where zi = ai if 1 ≤ i ≤ n, and zi = bi−n if
n+ 1 ≤ i ≤ 2n.
Suppose that S :=
∑
a
αβw
xαcβw = 0 for a finite sum over α, β,w and that
some coefficient a
αβw
6= 0; we fix one such β. Now consider the action S on
an element of the form xN11 x
N2
2 · · · xNnn for Nn ≫ · · · ≫ N1 ≫ 0. By Lemma
4.4, there exists a unique w˜ such that the leading term of w˜ ·xN11 xN22 · · · xNnn ,
namely (xN11 x
N2
2 · · · xNnn )w˜, is maximal among all possible w with aαβw 6= 0
for some α. We note that (xN11 x
N2
2 · · · xNnn )w˜ = (xN11 xN22 · · · xNnn )σP λ for
some σ ∈ W and λ ∈ Zn. Let α˜ be chosen among all α with a
αβw˜
6= 0
such that the monomial xα˜(xN11 x
N2
2 · · · xNnn )w˜cβ appears as a maximal term
with coefficient ±a
α˜βw˜
. It follows from S = 0 that a
α˜βw˜
= 0. This is a
contradiction, and hence the elements xαcβw are linearly independent. 
In the classical theory of the trigonometric double affine Hecke algebra
(tDaHa), the algebras are equipped with two presentations. Originally, one
defines the tDaHa to be the algebra generated by h∗ and W e with certain
relations. To obtain the second presentation, one simply rewrite the genera-
tors of tDaHa in terms of h∗, W , and the weight lattice Y corresponding to
W . As an analogue to the classical theory, we show below that the algebra
H¨ctr introduced in [W] is isomorphic to H¨
c
An−1
.
First, we recall the algebra H¨ctr is generated by C[h
∗], Cn, Sn, and e±ǫi
(1 ≤ i ≤ n), subject to the relations (4.2–4.5) and the following additional
relations:
eǫieǫj = eǫjeǫi , eǫie−ǫi = 1
weǫi = ew·ǫiw, cjeǫi = eǫicj (∀w ∈ Sn,∀i, j)
[xi, e
η] = u
∑
k 6=i
sgn(k − i) e
η − eski(η)
1− esgn(k−i)·(ǫk−ǫi) (1− cick)ski.
The algebra H¨ctr admits a natural superalgebra structure with ci being odd
and all other generators being even. Note that the subalgebra generated by
eǫi (1 ≤ i ≤ n), denoted by C[Y ] is identified with the group algebra of the
weight lattice of type GLn; the subalgebra generated by e
ǫi (1 ≤ i ≤ n) and
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Sn is identified with the group algebra of the extended affine Weyl group
W e of type GLn.
Theorem 4.6. LetW =WAn−1 . We have an isomorphism of superalgebras:
̥ : H¨ctr
≃−→ H¨cW
which is the identity map on h∗, Sn, Cn, and sends eǫi 7→ si−1 . . . s1pi1sn−1 . . . si
for 1 ≤ i ≤ n.
Proof. By Theorem 4.5 and [W, Prop. 5.4], it follows that H¨ctr
∼= H¨cW as
vector spaces. By a long and tedious calculation, we show that the defining
relations in H¨ctr are preserved under the map ̥. Hence ̥ is an isomorphism
of superalgebras. 
Remark 4.7. As a consequence of Theorem 4.5 and Theorem 4.6, the even
center Z(H¨cW ) contains C[Y ]
W and C[x21, . . . , x
2
n]
W as subalgebras. In partic-
ular, H¨cW is module-finite over its even center. Alternately, this can be seen
for H¨ctr using the locally isomorphism relating to its rational counterpart.
4.3. The algebras H¨cW of type Dn. Let W = WDn . The extended affine
Weyl group W e is characterized by n even or odd. So the definition of the
trigonometric double affine Hecke-Clifford algebra H¨cW of type Dn depends
on either n ∈ N is even or odd.
Recall that the elements σD1 , σ
D
n ∈W are defined in Subsection 3.2.
Definition 4.8. Let n ∈ N be even, u ∈ C, and W = WDn . The trigono-
metric double affine Hecke-Clifford algebra of type Dn, denoted by H¨
c
W or
H¨cDn , is the algebra generated by and pi
±1
1 , pi
±1
n , xi, ci, si, (1 ≤ i ≤ n) subject
to the relations (2.2–2.6), (4.1–4.5), and additional relations:
sncn = −cn−1sn, snci = cisn (i 6= n− 1, n) (4.11)
snxn = −xn−1sn − u(1 + cn−1cn) (4.12)
snxi = xisn (i 6= n− 1, n) (4.13)
pi21 = 1, pi
2
n = 1 (4.14)
pi1pin = pinpi1, pi1s1pi1 = pinsnpin (4.15)
pi1si = sipi1, pinsi = sn−ipin (2 ≤ i ≤ n− 2) (4.16)
pi1sn−1 = snpi1, pins1 = sn−1pin (4.17)
pirxi = x
σDr
i pir pirci = c
σDr
i pir (r = 1, n; 1 ≤ i ≤ n). (4.18)
Definition 4.9. Let n ∈ N be odd, u ∈ C, and W = WDn . The trigono-
metric double affine Hecke-Clifford algebra of type Dn, denoted by H¨
c
W or
H¨cDn , is the algebra generated by pi
±1
n , xi, ci, si, (1 ≤ i ≤ n) subject to the
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relations (2.2–2.6), (4.1–4.5), (4.11–4.13) and additional relations:
pi4n = 1
pinsi = sn−ipin (2 ≤ i ≤ n− 2)
pi2nsn−1 = snpi
2
n
pins1 = sn−1pin, pinsn = s1pin
pinxi = x
σDn
i pin, pinci = c
σDn
i pin (1 ≤ i ≤ n).
Recall that the element σB1 ∈WBn is defined in Subsection 3.2.
4.4. The algebras H¨cW of type Bn.
Definition 4.10. Let u, v ∈ C, and let W = WBn . The trigonometric
double affine Hecke-Clifford algebra of type Bn, denoted by H¨
c
W or H¨
c
Bn
,
is the algebra generated by and pi±11 , xi, ci, si, (1 ≤ i ≤ n) subject to the
relations (2.2–2.4), (2.7–2.8), (4.1–4.5), and additional relations:
sncn = −cnsn, snci = cisn (i 6= n) (4.19)
snxn = −xnsn −
√
2v (4.20)
snxi = xisn (i 6= n) (4.21)
pi21 = 1 (4.22)
pi1si = sipi1 (2 ≤ i ≤ n) (4.23)
pi1s1pi1s1 = s1pi1s1pi1 (4.24)
pi1xi = x
σB1
i pi1, pi1ci = c
σB1
i pi1 (1 ≤ i ≤ n). (4.25)
Remark 4.11. Without pi±1r , we arrive at the defining relations of the degen-
erate affine Hecke-Clifford algebra HcW , for W =WBn or WDn (see [KW1]).
4.5. PBW basis for H¨cW . In this subsection, we prove a PBW type re-
sult for the algebra H¨cW for W = WBn or W = WDn . We first make a
suitable modification from Subsection 4.2. We introduce the ring C[P ] :=
C[P
±1/2
1 , . . . , P
±1/2
n ] where Pi formally corresponds to e
ǫi . Sn naturally acts
on C[P ] by the formula (P
1/2
i )
w = P
1/2
w(i). The action can be extended to an
action of W =WDn by letting
(P 1/2n )
sn = P
−1/2
n−1 , (P
1/2
n−1)
sn = P−1/2n
(P
1/2
i )
sn = P
1/2
i , (i 6= n− 1, n).
Also, the action of Sn on C[P ] can be extended to an action of W =WBn
by letting
(P 1/2n )
sn = P−1/2n , (P
1/2
i )
sn = P
1/2
i , (i 6= n).
Consider the representation Φaff : HcW → End(E), namely
E := Ind
HcW
W C[P ]
∼= C[h∗]⊗ Cn ⊗ C[P ].
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Note that xi and ci act by left multiplication. The generators si ∈ HcW for
W =WDn (1 ≤ i ≤ n) act by the same formula (4.10) for 1 ≤ i ≤ n− 1 and
in addition by
sn · (fcg) = f sncsngsn −
(
u
f − f sn
xn + xn−1
− ucn−1cnf − f
sncn−1cn
xn − xn−1
)
cg.
The generators si ∈ HcW for W = WBn (1 ≤ i ≤ n) act by the same
formula (4.10) for 1 ≤ i ≤ n− 1 and in addition by
sn · (fcg) = f sncsngsn −
√
2
(
v
f − f sn
2xn
)
cg.
For more details treatment on HcW , consult [Naz, KW1]. The following
lemma is a counterpart to Lemma 4.3.
Lemma 4.12. Let W = WDn or WBn . The representation Φ
aff : HcW →
End(E) extends to the representation Φ : H¨cW → End(E) by the following
formulas:
pir · (fcg) =
{
P1f
σ1cσ1gσ1 , if r = 1,
(P1 . . . Pn)
1/2fσncσngσn , if r = n,
where f ∈ C[h∗], c ∈ Cn, g ∈ C[P ].
Proof. By a direct and lengthy computation, the action HcW on E
∼= C[h∗]⊗
Cn ⊗ C[P ] naturally extends to an action of H¨cW . We will verify a few
relations in H¨cDn for n is even, and leave the rest to the reader.
The map preserves the relation (4.14) as follows:
pi21 · (fcg) = pi1 · P1(fcg)σ1 = 1 · (fcg).
pi2n · (fcg) = pin · (P1 . . . Pn)1/2(fcg)σn
= (P1 . . . Pn)
1/2(P−1n . . . P
−1
1 )
1/2fcg = 1 · (fcg).
The map preserves the relation (4.15) as follows: since σ1σn = σnσ1, then
pi1pin · fcg = pinpi1 · fcg. We also have
pi1s1pi1 · fcg = pi1s1 · P1(fcg)σ1
= pi1 · P2(fcg)s1σ1
+upi1 · P2
(
fσ1 − f s1σ1
x2 − x1 +
c1c2f
σ1 − f s1σ1c1c2
x2 + x1
)
(cg)σ1
= P1P2(fcg)
σ1s1σ1
+uP1P2
(
f − fσ1s1σ1
x2 + x1
+
c2c1f − fσ1s1σ1c2c1
x2 − x1
)
cg.
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pinsnpin · fcg
= pinsn · (P1 . . . Pn)1/2(fcg)σn
= pin · (P1 . . . Pn−2P−1n−1P−1n )1/2(fcg)snσn
−upin · (P1 . . . Pn−2P−1n−1P−1n )1/2
(
fσn − f snσn
xn + xn−1
)
(cg)σn
+upin · (P1 . . . Pn−2P−1n−1P−1n )1/2
(
cn−1cnfσn − f snσncn−1cn
xn − xn−1
)
(cg)σn
= P1P2(fcg)
σnsnσn + uP1P2
(
u
f−fσnsnσn
x1 + x2
+
c2c1f − fσnsnσnc2c1
−x1 + x2
)
cg.
Since σ1s1σ1 = σnsnσn, then it follows that pi1s1pi1 · fcg = pinsnpin · fcg.
The map preserves the relation (4.16) as follows: for 2 ≤ i ≤ n − 2, we
have
pinsi · fcg = pin · (fcg)si + pin ·
(
u
f − f si
xi+1 − xi + u
cici+1f − f sicici+1
xi+1 + xi
)
cg
= (P1 . . . Pn−1Pn)1/2(fcg)σnsi
+u(P1 . . . Pn−1Pn)1/2
(
fσn − fσnsi
−xn−i + xn+1−i
)
(cg)σn
+u(P1 . . . Pn−1Pn)1/2
(
cn+1−icn−if − fσnsicn+1−icn−i
−xn−i − xn+1−i
)
(cg)σn
= sn−ipin · fcg.
It is easy to verify pi1si = sipi1 for 2 ≤ i ≤ n−2. For the rest of the relations
in H¨cW , the calculation is similar. 
We have the following PBW basis theorem for H¨cW .
Theorem 4.13. Let W = WDn or W = WBn , the elements {xαcβw|α ∈
Zn+, β ∈ Zn2 , w ∈ W e} form a C-linear basis for H¨cW (called a PBW basis).
Equivalently, the multiplication of subalgebras C[h∗],Cn, and CW e induces
a vector space isomorphism
C[h∗]⊗ Cn ⊗ CW e ≃−→ H¨cW .
Proof. We show that the elements xαcβw viewed as operators on C[h∗] ⊗
Cn ⊗ C[P ] are linearly independent. It is clear that, for either W = WDn
or W = WBn , the elements x
αcβw span H¨cW . It remains to show that they
are linearly independent. We shall treat the WBn case in detail and skip the
analogous WDn case.
To that end, we shall refer to the argument in the proof of Theorem 4.5
with suitable modification. First, we observe that for each w ∈ W eBn , the
leading term of w · (xN11 . . . xNnn ) is (xN11 . . . xNnn )γP λ for some γ ∈ WBn
and λ ∈ (Z2 )n. Similar to type A case, we choose w˜ such that the leading
term (xN11 x
N2
2 · · · xNnn )w˜ = (xN11 . . . xNnn )γP λ is maximal for some γ, λ. Write
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γ = ((η1, . . . , ηn), σ) ∈ WBn = {±1}n ⋊ Sn. Let α˜ be chosen among all α
with a
αβw˜
6= 0 such that the monomial xα˜(xN11 xN22 · · · xNnn )w˜cβ appears as a
maximal term with coefficient ±a
α˜βw˜
. Note that w˜ may now not be unique,
but the λ, σ, and α˜ are uniquely determined. Then, by the same argument
on the vanishing of a maximal term, we obtain that
0 =
∑
w˜
aα˜βw˜x
α˜(xN11 x
N2
2 · · · xNnn )w˜
=
∑
γ
aα˜βw˜x
α˜(xN11 x
N2
2 · · · xNnn )γP λ,
and hence ∑
(η1,...,ηn)
aα˜βw˜(−1)
Pn
i=1 ηiNi = 0.
By choosing N1, . . . , Nn with different parities (2
n choices) and solving
the 2n linear equations, we see that all aα˜βw˜ = 0. This can also be seen
more explicitly by induction on n. By choosing Nn to be even and odd,
we deduce that for a fixed ηn,
∑
(η1,...,ηn−1)∈{±1}n−1 aα˜ǫw˜(−1)
Pn−1
i=1 ηiNi = 0,
which is the equation for (n− 1) xi’s and the induction applies. 
Corollary 4.14. Let W = WDn or W = WBn. The even center of H¨
c
W
contains C[x21, . . . , x
2
n]
W .
Proof. Suppose f ∈ C[x21, . . . , x2n]W . Then pirf = fσrpi1 = fpi1. By [KW1,
Prop. 4.6], f commutes with the generators s1, . . . , sn and c1, . . . , cn. So, f
is in the even center of H¨cW ). 
5. Trigonometric spin double affine Hecke algebras
In this section we introduce the trigonometric spin double affine Hecke
algebra H¨−W , and then establish its connections to the corresponding trigono-
metric double affine Hecke-Clifford algebras H¨cW .
5.1. The skew-polynomial algebra. We shall denote by C[ξ1, . . . , ξn] the
C-algebra generated by ξ1, . . . , ξn subject to the relations
ξiξj + ξjξi = 0 (i 6= j). (5.1)
This is naturally a superalgebra by letting each ξi be odd. We will refer to
this as the skew-polynomial algebra in n variables. This algebra has a linear
basis given by ξα := ξk11 · · · ξknn for α = (k1, . . . , kn) ∈ Zn+, and it contains
the polynomial subalgebra C[ξ21 , . . . , ξ
2
n].
5.2. The algebra H¨−W of type An−1. Let W = WAn−1 . Recall that the
spin extended affine Weyl group CW e− associated to a Weyl group W is
generated by t1, . . . , tn−1, and tπ1 subject to the relations as specified in
Section 2.3
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Definition 5.1. Let u ∈ C. The trigonometric spin double affine Hecke
algebra of type An−1, denoted by H¨−W or H¨
−
An−1
, is the algebra generated by
C[ξ1, . . . , ξn] and CW
e− subject to the relations:
tiξi = −ξi+1ti + u (1 ≤ i ≤ n− 1) (5.2)
tiξj = −ξjti (j 6= i, i+ 1) (5.3)
tπ1ξi = (−1)n−1ξi+1tπ1 (1 ≤ i ≤ n− 1) (5.4)
tπ1ξn = (−1)n−1ξ1tπ1 . (5.5)
5.3. The algebra H¨−W of type Dn. Let u ∈ C and W = WDn . In this
subsection we define the trigonometric spin double affine Hecke algebra as-
sociated to W , denoted by H¨−W or H¨
−
Dn
, for both n is even or odd.
Definition 5.2. Let n be odd. The algebra H¨−W is generated by C[ξ1, . . . , ξn]
and CW e− subject to the relations(5.2-5.3) and the following additional
relations:
tnξn = −ξn−1tn + u (5.6)
tnξi = −ξitn (i 6= n− 1, n) (5.7)
tπnξi = (−1)
n−1
2 ξn+1−itπn (1 ≤ i ≤ n). (5.8)
Definition 5.3. Let n even, the algebra H¨−W is generated by C[ξ1, . . . , ξn]
and CW e− subject to the relations (5.2-5.7) and the following additional
relations:
tπ1ξi = ξitπ1 (1 ≤ i ≤ n)
tπnξi = (−1)
n
2
+1ξn+1−itπn .
5.4. The algebra H¨−W of type Bn.
Definition 5.4. Let u, v ∈ C, and W = WBn . The trigonometric spin
double affine Hecke algebra of type Bn, denoted by H¨
−
W or H¨
−
Bn
, is the algebra
generated by C[ξ1, . . . , ξn] and CW
e− subject to the relations relations (5.2-
5.3) and the following additional relations:
tnξn = −ξntn + v
tnξi = −ξitn (i 6= n)
tπ1ξi = −ξitπ1 (1 ≤ i ≤ n).
Sometimes, we will write H¨−W (u, v) or H¨
−
Bn
(u, v) for H¨−W or H¨
−
Bn
to indi-
cate the dependence on the parameters u, v.
Remark 5.5. The algebra H¨−W is naturally a superalgebra with all ti’s and ξi
being odd generators. A generator tπr can be either even or odd depending
on r and W , its degree is given by (2.23) and (2.24). Without tπr , we arrive
at the defining relation of degenerate spin affine Hecke algebra, denoted by
H−W , see [W, KW1].
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5.5. A superalgebra isomorphism.
Theorem 5.6. Let W =WAn−1 ,WDn or WBn. Then,
(1) there exists an isomorphism of superalgebras
Φ : H¨cW−→Cn ⊗ H¨−W
which extends the isomorphism Φ : Cn ⋊ CW
e −→ Cn ⊗ CW e− (in
Theorem 3.3) and sends xi 7−→
√−2ciξi for each i;
(2) the inverse Ψ : Cn ⊗ H¨−W−→H¨cW extends Ψ : Cn ⊗ CW e− −→ Cn ⋊
CW e (in Theorem 3.3) and sends ξi 7−→ 1√−2cixi for each i.
Proof. We need to show that Φ (respectively, Ψ) preserves the defining re-
lations in H¨cW (respectively, in H¨
−
W ). By [KW1, Theorem 4.4], the map Φ
(respectively, Ψ) preserves the relations not involving only pir (respectively,
tπr). So it is left to show that Φ (respectively, Ψ) preserves the defining
relations which involve pir and xi’s (respectively, tπr or ξi’s) for 1 ≤ i ≤ n.
We verify relations for type Bn case below. For other relations and types,
the computation is similar, and will be skipped.
For W =WBn and 2 ≤ i ≤ n, we have
Φ(pi1xi) = −
√
2c1tπ1ciξi = −
√
2cic1tπ1ξi = Φ(xipi1).
Φ(pi1x1) = −
√
2c1tπ1c1ξ1 =
√
2tπ1ξ1 = −
√
2ξ1tπ1 =
√
2c1ξ1c1tπ1
= Φ(−x1pi1).
Thus Φ is a homomorphism of (super)algebras. Similarly, Ψ is a superalgebra
homomorphism by the followings: for 1 ≤ i ≤ n
Ψ(tπ1ξi) =
1√
2
c1pi1cixi = − 1√
2
cixic1pi1 = Ψ(−ξitπ1).
Since Φ and Ψ are inverses on generators and hence they are indeed
(inverse) isomorphisms. 
5.6. PBW basis for H¨−W . We have the following PBW basis theorem for
H−W .
Theorem 5.7. Let W = WAn−1, WDn or WBn . The multiplication of the
subalgebras CW− and C[ξ1, . . . , ξn] induces a vector space isomorphism
C[ξ1, . . . , ξn]⊗ CW e− ≃−→ H¨−W .
Proof. It follows from the definition that H¨−W is spanned by the elements
of the form ξασ where σ runs over a basis for CW e− and α ∈ Zn+. By
Theorem 5.6, we have an isomorphism Ψ : Cn ⊗ H¨−W−→H¨cW . Observe that
the image Ψ(ξασ) are linearly independent in H¨cW by the PBW basis Theo-
rems 4.5 and 4.13 for H¨cW . Hence the elements ξ
ασ are linearly independent
in H¨−W . 
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Remark 5.8. H¨−W contains the skew-polynomial algebra C[ξ1, . . . , ξn] and the
spin extended affine Weyl group algebra CW e− as subalgebras.
Remark 5.9. As a counterpart of H¨ctr, [W] also introduce the trigonometric
spin double affine Hecke-Clifford algebra of type A, denoted by H¨−tr. As a
consequence of Theorems 4.6 and 5.6, we have H¨−An−1
∼= H¨−tr, and therefore
H¨−An−1 is module-finite over its even center. We also have the following.
Corollary 5.10. Let W = WAn−1 ,WBn or WDn. The even center for H¨
−
W
contains C[ξ21 , . . . , ξ
2
n]
W .
Proof. By the isomorphism Φ : H¨cW−→Cn ⊗ H¨−W , we have
Z(Cn ⊗ H¨−W ) = Φ(Z(H¨cW )) ⊇ Φ(C[x21, . . . , x2n]W ) = C[ξ21 , . . . , ξ2n]W .
Thus, C[ξ21 , . . . , ξ
2
n]
W ⊆ Z(H¨−W ). 
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